A Brownian spatial tree is defined to be a pair (T , φ), where T is the rooted real tree naturally associated with a Brownian excursion and φ is a random continuous function from T into R d such that, conditional on T , φ maps each arc of T to the image of a Brownian motion path in R d run for a time equal to the arc length. It is shown that, in high dimensions, the Hausdorff measure of arcs can be used to define an intrinsic metric dS on the set S := φ(T ). Applications of this result include the recovery of the spatial tree (T , φ) from the set S alone, which implies in turn that a Dawson-Watanabe superprocess can be recovered from its range. Furthermore, dS can be used to construct a Brownian motion on S, which is proved to be the scaling limit of simple random walks on related discrete structures. In particular, a limiting result for the simple random walk on the branching random walk is obtained.
1. Introduction. Super-processes are measure-valued diffusions that arise naturally as the scaling limits of discrete branching particle models in Euclidean space; see [26] for an introduction to this area. Describing the genealogy of super-processes provided one of the original motivations for the study of continuous branching structures, which has been intense in recent years; [22] is an up-to-date survey article. The second key component in defining a super-process is the description of how "particles" proceed through R d . A particularly important example of a super-process is the Dawson-Watanabe super-process, (Y t ) t≥0 , say which has a binary branching structure and whose spatial motion is given by Brownian motion in R d (see Section 3 for a precise definition). If d ≥ 2, it is known that, for each fixed t > 0, the measure Y t can almost surely be obtained from its support S(Y t ) as a Hausdorff measure on this set [12, 23] [28] . Similarly, when d ≥ 4, for almost-every realization of the super-process, it is possible to reconstruct the total occupation measure ∞ 0 Y t dt of the super-process from its range R 1 , which is defined below at (3.2), as a Hausdorff measure [20] . In high dimensions, by defining an intrinsic metric on the range of the super-process, we will show that it is possible to separate the branching structure and spatial motion of the super-process and, thereby, extend these results. Specifically, we are able to prove that, for d ≥ 8, the Dawson-Watanabe super-process (Y t ) t≥0 can almost surely be reconstructed from knowledge of its range R 1 alone (see Corollary 5.4) .
The framework for this article is the space of spatial trees introduced by Duquesne and Le Gall in [14] . In particular, we will consider Brownian spatial trees, by which we mean pairs of the form (T , φ), where T is the rooted real tree naturally associated with a Brownian excursion and φ is a random continuous function from T into R d such that, conditional on T , φ maps each arc of T to the image of a Brownian motion path in R d run for a time equal to the arc length (see Sections 2.1 and 2.2 for details). The key step in establishing the result described at the end of the previous paragraph is showing that, when d ≥ 8, the set S := φ(T ) almost surely determines the spatial tree (T , φ) (see Corollary 5.3), and to do this, we apply two main ideas. First, we use known intersection properties of super-processes to check that, when d ≥ 8, the map φ : T → S is a homeomorphism (see Section 3) . It follows that S is almost surely a dendrite (an arcwise-connected topological space containing no subset homeomorphic to the circle) and, therefore, between any two points of S there is a unique arc in S. Second, it was proved in [7] that, when d ≥ 3, a Brownian motion path in R d run for a time t has Hausdorff measure t, almost surely, with respect to the measure function c d x 2 ln ln x −1 , where c d is a deterministic constant that depends only upon d. Since arcs in S are, by construction, segments of Brownian motion paths, we can combine these two observations to define a metric d S on S by setting, for x 1 , x 2 ∈ S, the distance d S (x 1 , x 2 ) to be equal to the Hausdorff measure, with respect to the measure function c d x 2 ln ln x −1 , of the unique arc between x 1 and x 2 in S. It is then possible to demonstrate that φ is actually an isometry from (T , d T ), where d T is the natural metric on T , to (S, d S ) almost surely, and, consequently, we obtain that (T , φ) and (S, I) are equivalent spatial trees almost surely, where I is the identity map on R d (see Proposition 5.2) .
A second application of the metric d S is that it allows the construction of a natural diffusion on the set S. First note that, by applying results of [18] , a Dirichlet form can be constructed on any compact real tree equipped with a suitable Borel measure, and following the arguments of [9] , Section 8, it is possible to check that the corresponding diffusion is actually, a Brownian motion on the relevant space, as defined by Aldous in [2] . Since (S, d S ) is a real tree, it fits naturally into this setting and, therefore, to define a 3 Brownian motion X S = (X S t ) t≥0 on S, it remains to choose an appropriate measure. For d ≥ 8, the canonical measure on S, which we will denote by µ S , is equal to the Hausdorff measure on S with measure function proportional to x 4 ln ln x −1 ([20] , Theorem 6.1), and can also be interpreted as µ T • φ −1 , where µ T is the natural measure on T (see Sections 2.1 and 2.2). Consequently, using the fact that φ is an isometry, it is possible to show that the resulting process X S can also be written as φ(X T ) almost surely, where X T is the Brownian motion associated with T and µ T (see Proposition 6.1); we observe that φ(X T ) is actually defined for any d ≥ 1. In addition to defining the laws of φ(X T ) and X S for almost-every realization of (T , φ) and S respectively, which are the quenched versions of the laws, by adapting the arguments of [8] , we demonstrate the measurability of the construction, which allows us to define related annealed laws (where we average out over all realizations of the spatial trees).
While we do not pursue it in depth here, let us remark that the representation φ(X T ) of X S , where φ is an isometry, means that we are immediately able to deduce many properties of the Brownian motion on S from known results about X T . For example, it follows from results appearing in [9] that, when d ≥ 8, the diffusion X S on almost-every realization of S admits a transition density (p S t (x, y)) x,y∈S,t>0 that satisfies
Using the terminology of the diffusion on fractal literature, this result could be interpreted as a version of the statement that the spectral dimension of the Brownian motion on S is 4/3, almost surely. More detailed transition density asymptotics are obtained in [9] . Furthermore, asymptotics for the spectrum of the generator of the diffusion X S are consequences of the results appearing in [10] . One reason for wanting to define a canonical process on the set S is that it provides an archetype for the scaling limit of the simple random walks on the graph-based models that converge in some sense to the integrated superBrownian excursion, which was originally defined in [4] and can be thought of as the measure µ S conditioned to have total mass equal to one. Examples of discrete models which fall into this category include conditioned branching random walks, lattice trees in high dimensions and large critical percolation clusters in high dimensions (see [27] , Section 16, for background). To prove a first result in this direction, we consider a sequence {(T n , φ n )} n≥1 of random "graph spatial trees," by which we mean that T n is a random (rooted) ordered graph tree and φ n is a random embedding of T n into R d . Our main assumption is that, for each n, T n has n vertices, and also that the discrete tours associated with (n −1/2 T n , n −1/4 φ n ) converge to the normalized Brownian tour; in both the discrete and continuous cases, a tour is a continuous function that encapsulates the branching and spatial motion of the relevant spatial trees (see Sections 2 and 8 for exact definitions). Under the appropriate versions of this condition, we are able to deduce quenched and annealed versions of the statement that the process
where X Tn is the usual discrete time simple random walk on the vertices of T n started from the root, converges to the process φ(X T ), which, as remarked above, is identical to the process X S in high dimensions (see Theorems 8.1 and 9.1). To prove these results, we apply ideas from [8] , which demonstrates the convergence of (n −1/2 X Tn n 3/2 t ) t≥0 to X T under a related assumption that does not include any spatial component. Branching random walks with a critical offspring distribution that decays exponentially at infinity and a step distribution that satisfies an o(x −4 ) tail bound, conditioned on the total number of offspring, are a special case of graph spatial trees known to satisfy assumptions that allow the above scaling limit results to be applied (see Section 10 for details).
The article is arranged as follows. In Section 2 we introduce much of the notation for real trees, spatial trees and tours that will be used throughout the article. Section 3 contains a proof of the fact that φ : T → S is a homeomorphism in high dimensions, and in Section 4 we investigate the Hausdorff measure of arcs of S. The first half of the article is concluded in Section 5, where we define d S , verify that φ : (T , d T ) → (S, d S ) is an isometry in high dimensions and prove the super-process result described in our opening paragraph. The second half of the article is devoted to the study of X S and φ(X T ). We first define the quenched and annealed laws of these processes in Sections 6 and 7, respectively. The quenched and annealed convergence results for simple random walks on graph spatial trees are then proved in Sections 8 and 9, respectively. Finally, in Section 10 we apply these results to the simple random walk on the branching random walk.
2. Notation and preliminaries.
Real trees and excursions.
At the core of our discussion will be the collection of metric spaces known as real trees, for which we use the following definition. Note that much of the notation and many of the definitions used in this section are borrowed from [14] and other works by the same authors. Definition 2.1. A metric space (T , d T ) is a real tree if the following properties hold for every σ 1 , σ 2 ∈ T :
(a) There is a unique isometric map
. A rooted real tree is a real tree (T , d T ) with a distinguished vertex ρ = ρ(T ) called the root.
All the real trees we consider will be rooted, although for brevity we will often write simply T to represent (T , d T , ρ). The arc between two vertices σ 1 and σ 2 of a real tree T will be denoted by Γ T σ 1 ,σ 2 ; more specifically, Γ T σ 1 ,σ 2 is the image of γ T σ 1 ,σ 2 . An observation that will be useful to us is that between any three points σ 1 , σ 2 , σ 3 of a real tree T there is a unique branch-point
A useful decomposition of a real tree is provided by the subsets containing points equidistant from the root. In particular, define the subset of T at level t to be
The height of a real tree is given by h(T ) := sup{d T (ρ, σ) : σ ∈ T }, and we clearly have T t = ∅ for t > h(T ). We will also be interested in the decomposition of a real tree T into the subset below a certain level and the collection of subtrees of T that start at this level. To introduce this, define the set
which is the truncation of the real tree T at level t. Furthermore, let T i,o , i ∈ I t , be the connected components of the open set T \ tr t (T ). Note that if h(T ) ≤ t, the collection I t is empty. Observe that the ancestor of σ at level t [the unique point on the arc between ρ and σ with d T (ρ, σ) = t] must be the same for each σ ∈ T i,o , and we will denote it by ρ i . Now define T i := T i,o ∪ {ρ i }, which is a real tree when endowed with the metric induced by d T and we set its root to be ρ i .
Of course, there are collections of real trees that are indistinguishable as metric spaces. We will denote by T the set of equivalence classes of compact rooted real trees, under the assumption that two rooted real trees are equivalent if and only if there exists a root preserving isometry between them. The set T can be equipped with the (pointed) Gromov-Hausdorff distance, d GH , say, and it has been proved that (T, d GH ) is a Polish space; see [16] , Theorem 1. In our discussion of the properties of elements of T it will suffice to consider one particular real tree of each equivalence class. For detailed remarks about the technicalities of defining objects such as local times as we do below, see [14] .
A particularly useful representation of the real trees that are studied in this article is provided through excursions. Define the space of excursions, V, to be the set of continuous functions v : R + → R + for which there exists a τ (v) ∈ (0, ∞) such that v(t) > 0 if and only if t ∈ (0, τ (v)). Given a function v ∈ V, we define a distance on [0, τ (v)] by setting
where m v (s, t) := inf{v(r) : r ∈ [s ∧ t, s ∨ t]}, and then use the equivalence 
where λ is the usual one-dimensional Lebesgue measure. This defines a Borel measure on (T v , d Tv ), with total mass equal to τ (v). We will usually suppress the dependence on v from the notation for all of these objects when it is clear which excursion is being considered.
We will be interested in the measure Θ on T, which is defined by
for measurable A ⊆ T, where N is the usual Itô excursion measure, normalized so that the tail of the height of a tree chosen from Θ is given by
A real tree T chosen according to Θ is an example of a Lévy tree, as introduced in [14] , and an important result of [14] is that a Lévy tree admits an intrinsic "local time" measure, as described by the following theorem. (a) ℓ 0 = 0 and, for every t > 0, ℓ t is supported on T t , Θ-a.e. (b) for every t > 0, {ℓ t = 0} = {h(T ) > t}, Θ-a.e. (c) for every t > 0, we have Θ-a.e. for every bounded continuous function ϕ on T ,
The measures (ℓ t ) t≥0 can, in fact, be defined simultaneously in such a way that t → ℓ t is Θ-a.e. cadlag for the weak topology on finite measures on T ( [14] , Theorem 4.3). Moreover, we can N -a.e. recover the measure µ v , defined at (2.6), from T v using the local time measures. In particular, if we define a measure µ T by integrating the local time measures in the following way:
e. This demonstrates that µ v is indeed a natural measure for the real tree T v , and that it depends on the underlying excursion only through the real tree that is constructed from it. Note that alternative descriptions of (ℓ t ) t≥0 and µ T in terms of Hausdorff measures are provided in [15] . Finally, it also demonstrated in [14] that the topological support of µ T is T , Θ-a.e.
Spatial trees, snakes and tours.
Consider a pair (T , φ), where T is a compact rooted real tree and φ is a continuous mapping from T into R d ; we will denote the usual Euclidean metric in R d by d E . We say two such pairs (T , φ) and (T ′ , φ ′ ) are equivalent if and only if there exists a root preserving isometry from T to T ′ , π, say, that also satisfies φ = φ ′ • π. The set of equivalence classes under this relation will be denoted T sp , and elements of this set are called spatial trees. As with real trees, we will frequently identify an equivalence class with a particular element of it. We now explain how to define a metric on this space. First, we say that a correspondence between two compact rooted real trees, T and T ′ , is a subset C ⊆ T × T ′ such that for every σ ∈ T there exists at least one σ ′ ∈ T ′ such that (σ, σ ′ ) ∈ C and, conversely, for every σ ′ ∈ T ′ there exists at least one σ ∈ T such that (σ, σ ′ ) ∈ C. Moreover, we assume that (ρ, ρ ′ ) ∈ C. The distortion of the correspondence C is defined by
where the set C(T , T ′ ) is the collection of all correspondences between T and T ′ . From [14] , we have that (T sp , d sp ) is a separable metric space (we note that it is not complete as claimed in [14] ). We set S := φ(T ), which is well-defined on equivalence classes of spatial trees. Note that, although the notation (T , φ) is used as shorthand for (T , d T , ρ, φ), the notation S will only ever be used to denote the compact subset of R d given by φ(T ). Moreover, when we consider the usual Hausdorff metric on compact subsets of R d , which we denote by d H , it is easy to check that if (T , φ),
. Thus, the map from (T , φ) to the compact subset S is continuous, and therefore measurable.
In the remainder of this section we introduce the class of spatial trees which are obtained when the mapping φ is a "Brownian embedding" of a real tree into Euclidean space, so that an arc of length t in the real tree is mapped to the range of a Brownian motion run for a time t. Fix x ∈ R d , and let T be a compact rooted real tree. Consider the R d -valued Gaussian process (φ(σ)) σ∈T , built on a probability space with probability measure P, whose distribution is characterized by
, where I is the d-dimensional identity matrix. As remarked in [14] , it is possible to chose this process to be continuous P-a.s. for Θ-a.e. T . Assuming that we have a real tree T that allows us to construct a P-a.s. continuous φ, we will denote the law of (T , φ) on T sp by Q T
x . This allows us to construct a σ-finite measure on T sp by setting
we note that the measures Q T x satisfy the necessary measurability for this integral to be well-defined. We also define M := M 0 and Q T := Q T 0 . Observe that, for M x -a.e. spatial tree, we have φ(ρ) = x. A spatial tree chosen according to M x will be called a Brownian spatial tree started from x.
Pushing forward, the local time measures ℓ t from T onto R d using the map φ provides us with a cadlag (with respect to the topology induced by the weak convergence of measures on R d ) measure-valued process Z = (Z t ) t≥0 . In particular, we set
which defines the process Z at least M x -a.e. for any x ∈ R d . We will describe in Section 3 how a certain Poisson sum of these processes yields a superprocess in R d . The property of spatial trees that allows this connection to be made is their Markovian branching under the measures of the form M x . To describe this precisely, first recall the notation tr t (T ) and (T i ) i∈It introduced at (2.3). The information about the spatial tree (T , φ) below level t is (tr t (T ), φ| trt(T ) ), and we will denote this by E t . We will also write φ i := φ| T i and S i := φ i (T i ). The Markov branching property of Brownian spatial trees can be stated as follows.
Lemma 2.3. Fix t > 0. Under the probability measure M (·|h(T ) > t) and conditional on E t , the collection (T i , φ i ), i ∈ I t , forms a Poisson point process on T sp with intensity measure
Proof. This result can be proved by a simple modification of the proof of [13] , Proposition 4.2.3, using the Markov branching property of T that is proved in [14] , Theorem 4.2.
We define a Borel measure on S by setting µ S := µ T • φ −1 , which exists and has support S, M x -a.e. It is possible to deduce that µ S can also be represented as ∞ 0 Z t dt, or, as remarked in the introduction, for d ≥ 4, it can be expressed in terms of a Hausdorff measure on S; see [20] , Theorem 6.1. Note that this final remark immediately implies that µ S is a measurable function of S, at least for d ≥ 4 (the measurability of Hausdorff measures as functions of compact subsets of R d is investigated in [25] ).
In the previous section we saw how continuous excursions are useful for encoding a certain class of real trees. To perform the role of encoding the Brownian spatial trees introduced above, we will use objects called snakes and tours ([21] is a good primer for the Brownian snake). A snake is a pair of functions, (v, w), say, with v ∈ V and w a continuous function from R + to the space of continuous paths in R d , which satisfy w(s)(t) = w(s)(v(s)) for every t ≥ v(s), and also w(s)(t) = w(s ′ )(t) for every t ≤ m v (s, s ′ ). In fact, Theorem 2.1 of [24] shows that a snake carries some redundant information, and it suffices to consider the space of tours, where a tour is a pair (v, r) ∈ C(R + , R + ) × C(R + , R d ), with v ∈ V, and r a continuous R d -valued function which is constant on the equivalence classes given by the relation at (2.5). More precisely, in [24] it is shown that the natural map from snakes to tours given by, for t ≥ 0, (v(t), r(t)) = (v(t), w(t)(v(t))), is a homeomorphism. Due to this relationship, the process r is known as the head of the snake.
The connection of snakes and tours with spatial trees can be explained as follows. Fix (v, (T v , φ)) ∈ V × T sp , and define, for s ≤ v(t), t ≥ 0, (2.13) where [t] is the equivalence class containing t under the equivalence defined at (2.5). Also define w(t)(s) = w(t)(v(t)) for s ≥ v(t). The pair (v, w) is then a snake and, moreover, it is possible to check using (2.13) that the corresponding tour (v, r) satisfies r(t) = φ([t]). Clearly, we can recover the spatial tree from the tour (v, r) by setting T v to be the real tree associated with v and using the final observation of the previous sentence to determine φ. We can use this relationship to show that if two tours are close with respect to the uniform norm on C(R + , R + ) × C(R + , R d ), then so are the related spatial trees with respect to the metric d sp . The proof of this result is similar to that of Lemma 2.3 of [14] , and the result obviously implies that the map (v, r) → (T , φ) is measurable. 
Proof. Define a correspondence between T and T ′ by C := {([t], [t] ′ ) : t ∈ R + }, where [t] is the equivalence class containing t under the equivalence defined at (2.5) for v, and [t] ′ is the corresponding quantity for v ′ . As in the proof of [14] , we have dis(C) ≤ 4 v − v ′ ∞ . It is also easy to check that
The proof follows on recalling the definition of d sp from (2.10).
To complete this section, we will introduce the law of the Brownian tour. First, let (v, (T v , φ)) be chosen in C(R + , R + ) × T sp , so that v has law N and, conditional on v, the pair (T v , φ) is a spatial tree with law Q Tv x . Note that the marginals of this distribution are N and M x , so v is a Brownian excursion and (T v , φ) is a Brownian spatial tree started from x. Define (v, w) and (v, r) from (v, (T v , φ)) as above, and denote their laws on the appropriate spaces byM ′ x andM x respectively. As observed in [22] , Section 6, the measureM ′ x is the law of the Brownian snake started from x, and we will callM x the law of the Brownian tour started from x. Accordingly, the pairs (v, w) and (v, r) are called the Brownian snake and Brownian tour, respectively. Note that if the subscript x is missing from one of the measures defined in this paragraph, then we are working under the assumption that x = 0.
CRT, ISE and normalized Brownian tour.
There is a normalization of real and spatial trees that will be of particular interest in the sections of this article where we investigate the scaling limit of simple random walks on random graph trees embedded into Euclidean space, and this is when we condition the measure µ T , as defined at (2.9), to have total mass equal to one. In particular, let N (1) := N (·|τ (f ) = 1) be the probability measure on the space of excursions V that is the law of the Brownian excursion, scaled to return to zero for the first time at time one. Define Θ (1) from N (1) analogously to (2.7), and set
which is a probability measure on T sp . Also denote
0 . If T is a random element of T with law Θ (1) , then it is precisely (up to a deterministic scaling constant) the continuum random tree of Aldous; see [1] . Moreover, if (T , φ) is a random spatial tree with law M (1) , then we call the measure µ S := µ T • φ −1 , which has support S, the integrated super-Brownian excursion. This measure was first discussed by Aldous in [4] , and in Section 8 we provide another characterization of it as a scaling limit, which shows how our definition matches Aldous. For an overview of the occurrence of the integrated super-Brownian excursion as the scaling limit of measures that arise in statistical mechanical models, see [27] .
The normalized Brownian tour is defined similarly to the Brownian tour, except we use the above normalization in choosing the excursion. In particular, define (v, (T v , φ)) to be a random variable taking values in C([0, 1], R + ) × T sp such that v has law N (1) and, conditional on v, the pair (T v , φ) is a spatial tree with law Q Tv x . Defining the normalized head process r ∈ C([0, 1], R d ) similarly to above, we call (v, r) the normalized Brownian tour started from x, and its law will be denotedM (1) x , withM (1) :=M 3. Homeomorphism between T and S. The purpose of this section is to show that when d ≥ 8 the continuous map φ is actually a homeomorphism
, it is sufficient to show that φ is injective, Ma.e. We will prove that this is the case by applying results proved in [11] about the multiple points of super-processes. Although our main conclusion is suggested by comments made in Section 3.4 of [4] , we can find no rigorous proof in the literature and so continue to prove it here.
We start by describing briefly the connection between spatial trees and super-processes that has been developed by Duquesne and Le Gall for further details see [13] and [14] . First, let (T i , φ i ) i∈I be a Poisson process on T sp with intensity measure M . For each i ∈ I, define (Z i t ) t≥0 to be the measurevalued process associated with (T i , φ i ) by the formula at (2.11). If we then define the process Y = (Y t ) t≥0 by setting, for t > 0,
and Y 0 := δ 0 , where δ 0 is the probability measure on R d that places all of its mass at the origin, then Y is a Dawson-Watanabe super-process, started from δ 0 ([14], Proposition 6.1). We assume that the Poisson process (T i , φ i ) i∈I is built on an underlying probability space with probability measure P.
In particular, it will be important for the arguments that we apply to have a description of the range of the super-process Y in terms of the sets (S i t ) t>0,i∈I , where S i t := φ i (T i t ), and T i t is the level t subset of T i defined by (2.2). For a Borel measure ν on R d , denote by S(ν) it closed support in R d , and set, for s ≤ t, R(s, t) to be the closure of s≤r≤t S(Y r ) with respect to the Euclidean metric. Furthermore, define
which are the range (or one-multiple points) and two-multiple points of Y respectively. As noted in the proof of [14] , Proposition 6.2, P-a.s., we have that S(Y t ) ⊆ i∈I S i t for every t > 0, with equality holding for all but a countable collection of times, D, say. Furthermore, since M (h(T ) > s) is finite for any s > 0 and φ i is continuous for every i ∈ I, P-a.s., there can only be a finite number of sets s≤r≤t S i r which are nonempty, and because each set of the form s≤r≤t S i r is closed, we must have that R(s, t) ⊆ s≤r≤t i∈I S i r for every s ≤ t, P-a.s. Using the continuity of the maps φ i and the countability of D, we are also able to deduce that s≤r≤t i∈I S i r ⊆ R(s, t) for every s ≤ t, s / ∈ D, P-a.s. Hence, again applying the countability of D, we have the following alternative expression for R 1 , P-a.s.:
Before we proceed with our main argument, we collect some other properties of R 1 and R 2 that are proved in [11] , Theorems 1.5 and 1.6. With regards to part (a) of the following lemma, note that the precise Hausdorff measure functions of R 1 for d ≥ 4 are found in [20] , Theorem 1.1. A useful corollary of parts (a) and (b) of this result is the following, which demonstrates that "independent" spatial trees do not intersect when they are started from different points of R d and d is large.
Proof. By Lemma 3.1(a), we know that R 1 has σ-finite Hausdorff measure with respect to the measure function x 4 ln ln x −1 , P-a.s. Thus, from the expression at (3.3) and the Poisson process construction of the superprocess, we see that S = φ(T ) also satisfies this property, M -a.s. Since we are assuming that d ≥ 8, it follows that S is null for (d − 4)-dimensional Hausdorff measure, M x -a.s. Now suppose that (S, y + R 1 ) is chosen according to M x ⊗ P, where R 1 is the range of the super-process as described above. From Lemma 3.1(b) and the conclusion of the previous paragraph, we have that (y + R 1 ) ∩ S = ∅, M x ⊗ P-a.s. Again applying (3.3) and the Poisson process description of the super-process, it follows that S ∩ S ′ ⊆ {y}, M x ⊗ M y -a.s. Using symmetry, part (a) is a straightforward consequence of this. Part (b) follows immediately.
In the next lemma we combine the above result with the Markov branching property of spatial trees to deduce the disjointness of a particular collection of subsets of spatial trees. Recall from Section 2.1 the definition of subtrees above a certain level, (T i ) i∈It , and also the definition of the spatial trees (T i , φ i ) i∈It from Section 2.2. 
Proof. Write M ′ := M (·|h(T ) > t). From Lemma 2.3 we have that under the probability measure M ′ , conditional on E t , the collection (T i , φ i ), i ∈ I t is a Poisson process on T sp with intensity measure given by (2.12). Now, choose ε > 0 and note that it is possible to deduce from (2.8) and Theorem 2.
e. Thus, it makes sense to further condition on the size of I t,ε := {i ∈ I t : h(T i ) > ε}. In particular, under the measure M ′ (·|E t , #I t,ε = n), the elements of {(T i , φ i ) : i ∈ I t,ε } are distributed as a sample of n independent random variables, each with law
By first conditioning on the locations of the points φ i (ρ i ), it is straightforward to apply Corollary 3.2(b) to deduce from this that
There is no problem in extending this result to deduce that
which completes the proof, because on {h(T ) ≤ t} the set I t is empty.
The above result provides the first ingredient in our proof of the fact that φ is injective. The second is given by the following lemma, which shows that the image under φ of the level sets of T are disjoint.
Proof. First assume that at all but a countable collection of points, D, say, we have S(Y t ) = i∈I S i t , where Y is the measure-valued process defined at (3.1) from the Poisson collection of spatial trees. As remarked earlier in this section, a proof that this fact holds P-a.s. appears within the proof of [14] , Proposition 6.2. Now suppose there exists an x ∈ R d such that x ∈ ( i∈I S i s ) ∩ ( i∈I S i t ), for some 0 < s < t. Set ε := (t − s)/2. Clearly, for some i ∈ I, we can find σ ∈ T i such that φ i (σ) = x and d T i (ρ i , σ) = s, where ρ i is the root of T i . By considering the arc in T i from ρ i to σ, we can find a sequence (σ n ) n≥0 that converges in T i to σ with
Similarly, for some j ∈ I, we can find σ ′ ∈ T j such that φ j (σ ′ ) = x and d T j (ρ j , σ ′ ) = t, and also a sequence (σ ′ n ) n≥0 converging in
It follows that there exists an N such that, for n ≥ N ,
and also φ j (σ ′ n ) ∈ R(t − ε, t). By continuity, we have
Hence, x ∈ R(s/2, s) ∩ R(t − ε, t) ⊆ R 2 , where R 2 is the set of two-multiple points of our super-process. However, by Lemma 3.1(c), R 2 = ∅, and so no such x exists, P-a.s. Consequently, the sets i∈I S i t , t > 0 are disjoint, P-a.s. Observe that i∈I S i 0 = {0} and also, from (3.3), t>0 i∈I S i t = R 1 . Hence, to show that the sets i∈I S i t , t ≥ 0 are disjoint, P-a.s., it suffices to show that R 1 ∩ {0} = ∅, P-a.s. However, this is a consequence of Lemma 3.1(b). The result now follows easily on recalling the Poisson process definition of the super-process Y .
We are now ready to proceed with the main result of this section.
Proposition 3.5. Let d ≥ 8. M -a.e., the map φ : T → S is injective.
Proof. The following proof holds M -a.e. Suppose that there exist distinct σ 1 , σ 2 ∈ T that satisfy φ(σ 1 ) = φ(σ 2 ). By the previous lemma, we know that σ 1 , σ 2 ∈ T t , for some t > 0. Necessarily we must also have that b T (ρ, σ 1 , σ 2 ) ∈ T s for some s < t [recall the notation for a branch-point of T from (2.1)]. Choose r ∈ (s, t) ∩ Q, and consider the collection of spatial trees above level r, which, using the notation introduced above Lemma 2.3, can be written as (T i , φ i ), i ∈ I r . Since b T (ρ, σ 1 , σ 2 ) ∈ T s for some s < r, we have that σ 1 ∈ T i and σ 2 ∈ T j for some i = j. Moreover, if φ(σ 1 ) = φ i (ρ i ), then φ(σ 1 ) ∈ S r ∩ S t . However, by Lemma 3.4, we can assume that S r ∩ S t = ∅, and so φ(σ 1 ) ∈ S i,o . Thus, by symmetry, we have that φ(σ 1 ) ∈ S i,o ∩ S j,o .
After extending Lemma 3.3 using a countability argument, the sets S i,o , i ∈ I q , can be assumed to be disjoint for any q ∈ Q. In particular, the sets S i,o , i ∈ I r , are disjoint. Consequently, no such σ 1 and σ 2 exist, which implies that φ is injective.
4. Hausdorff measure of spatial tree arcs. In the previous section we showed that when the dimension d is large enough, the map φ is a homeomorphism, M -a.e. Consequently, the set S is a dendrite and, as remarked in the Introduction, between any two points of S there is a unique arc in S, M -a.e. We show in this section how the natural way to measure the distance along the arcs of S is to use the Hausdorff measure with respect to the measure function c d x 2 ln ln x −1 , where c d is a deterministic constant that depends only on the dimension d. The following result will be fundamental in proving this; it determines the Hausdorff measure of Brownian paths in high dimensions. The description of the Hausdorff measure H that appears in the lemma should be considered to be a definition.
Lemma 4.1 ([7], Theorem 5). Suppose that (B t ) t≥0 is a standard ddimensional Brownian motion built on a probability space (Ω, F, P). If d ≥ 3, then
where H is the Hausdorff measure calculated with respect to the function c d x 2 ln ln x −1 , and c d is a deterministic constant that depends only upon d.
Recall from Section 2.1 that the path in T of unit speed between σ 1 and σ 2 is denoted by γ T σ 1 ,σ 2 , and its image by Γ T σ 1 ,σ 2 . The following result applies the above lemma to describe the Hausdorff measure of the sets φ(Γ T ρ,σ ) for σ ∈ T .
Proof. Fix a countably dense sequence (t * n ) n≥0 in R + . Given an excursion v ∈ V, we will denote by σ * n the vertex [t * n ] of the corresponding real tree T , where [t] represents the equivalence class of t under the equivalence defined at (2.5).
We start the proof of the lemma by demonstrating the claim thatM -a.e.,
whereM is the law of the Brownian tour introduced in Section 2.2. By countability, it will suffice to prove the above result holds for one particular n. Observe that, conditional on v, the process φ • γ T ρ,σ * n is a standard 
,M -a.e., which completes the proof of the claim at (4.1). Suppose we have a realization of (v, r) for which the claim at (4.1) holds, and let σ ∈ T . Since T * := {σ * n : n ≥ 0} is dense in T , there exists a se-
ρ,σn for each n, and so the claim at (4.1) implies that
It is also straightforward to check that d T (b n , σ) → 0, and so 
. From the conclusions of the two previous paragraphs we obtain that H(φ(Γ T ρ,σ )) = d T (ρ, σ) for every σ ∈ T ,M -a.e., and since the marginal law of (T , φ) underM is M , this completes the proof.
As remarked above, when φ is injective, S is a dendrite, and there exists a unique arc between any two points in S. We will denote the arc between x 1 and x 2 in S by Γ S x 1 ,x 2 ; this is defined to be the image of any continuous injection from [0, 1] to S that takes the value x 1 at zero and x 2 at one. Observe that when φ is injective, we clearly have Γ S φ(σ 1 ),φ(σ 2 ) = φ(Γ T σ 1 ,σ 2 ), for any σ 1 , σ 2 ∈ T . The main result of this section is the following, which describes precisely the Hausdorff measure of arcs in S.
Proof. By Proposition 3.5 and Lemma 4.2, we can assume that φ is injective and H(Γ S 0,φ(σ) ) = d T (ρ, σ) for every σ ∈ T . Applying this and the identity
which holds for each σ 1 , σ 2 ∈ T , where b is the branch-point of ρ, σ 1 and , b) , from which the result follows.
5. Recovering spatial trees in high dimensions. The result about the Hausdorff measure of Brownian paths stated as Lemma 4.1 can be used to recover the path (B t ) t≥0 from its range, R := {B t : t ≥ 0}, when d ≥ 4. In particular, let d ≥ 4, so that t → B t is injective and R is a dendrite, P-a.s. If we define the function H : R → R + by H(x) := H(Γ R 0,x ), where Γ R 0,x is the unique arc between 0 and x in R, then it is easy to check using Lemma 4.1 that H −1 (t) = B t for all t ≥ 0, P-a.s. Thus, the following result holds.
Lemma 5.1. Suppose that B = (B t ) t≥0 is a standard d-dimensional Brownian motion built on a probability space (Ω, F, P), and R := {B t : t ≥ 0} is its range. If d ≥ 4, then there exists a set Ω * ⊆ Ω such that P(Ω \ Ω * ) = 0 and also, if ω,ω ∈ Ω * , then
where the superscript ω illustrates the dependence of the random variables on ω ∈ Ω.
In this section we will show an analogous result demonstrating that it is possible to recover the spatial tree (T , φ) from the compact set φ(T ) ⊆ R d , M -a.e., if the dimension d is large enough. As a consequence of this, we will also exhibit how to recover the super-process Y , as defined at (3.1), from its range R 1 . As in the case of recovering a Brownian path from its range, the key to our proof will be using the Hausdorff measure H to measure distance along arcs.
When φ is injective, S = φ(T ) is a dendrite, and so the function d S : S × S → R + obtained by setting
is well-defined. We now show that, in fact, (S, d S , 0) is a real tree equivalent to (T , d T , ρ), M -a.e. Proof. By Proposition 4.3, we can assume that φ is a bijection and
is actually an isometry. Consequently, because we also have that φ(ρ) = 0, the pointed metric space (S, d S , 0) is a rooted real tree equivalent to (T , d T , ρ). The equivalence of spatial trees is a result of the identity φ ≡ I • φ.
A corollary of this result is that, if we are given the set S, we can determine the spatial tree (T , φ) that was used to construct it, M -a.e. Recalling that under M the tree T is constructed from a Brownian excursion and φ is a Brownian embedding, the following corollary is reminiscent of the result proved in [6] about recovering from an iterated Brownian motion the two underlying Brownian motions used in its construction. Also closely related to this result is Corollary 5.5.
then the compact sets φ(T ) andφ(T ) are equal if and only if (T , φ) and (T ,φ) are equivalent spatial trees.
We continue by presenting a further corollary of Proposition 5.2 which shows that given the range of a certain super-process we can determine the super-process itself if the dimension is large enough.
Corollary 5.4. Suppose that Y is the Dawson-Watanabe super-process in
, started from δ 0 , with range R 1 , built on a probability space (Ω, F, P). There exists a set Ω * ⊆ Ω such that P(Ω \ Ω * ) = 0 and also, if ω,ω ∈ Ω * , then
Proof. As in Section 3, we can assume that Y is built from a Poisson process of spatial trees (T i , φ i ) i∈I , with intensity measure M . By Corollary 5.3, we can, in fact, regard this as a Poisson process on T * sp , so that each S i := φ i (T i ) determines the spatial tree (T i , φ i ) ∈ T * sp uniquely, P-a.s. Furthermore, by applying an argument almost identical to that of Lemma 3.3, we are able to deduce that the sets S i,o := φ i (T i ) \ {0}, i ∈ I, are disjoint P-a.s, and also, from (3.3), we have that R 1 = i∈I t>0 S i t , P-a.s. By the injectivity of the maps φ i , which follows from Proposition 3.5, we must have that t>0 S i t = S i,o for each i, P-a.s. Combining these facts, we can conclude that there exists a set Ω * ⊆ Ω which has probability one and upon which R 1 = i∈I S i,o , (S i,o ) i∈I are disjoint, and (T i , φ i ) ∈ T * sp for each i ∈ I. Now consider R ω 1 , for some ω ∈ Ω * . Applying the first two properties that are assumed to hold on Ω * , we are able to deduce that the set of path-connected components of R ω 1 , C ω , say, is precisely equal to the set {S i,o : i ∈ I ω }. Hence, the set C ω 0 := {A ∪ {0} : A ∈ C ω } must be equal to {S i : i ∈ I ω }. Therefore, by the definition of T * sp , each set A ∈ C ω 0 determines uniquely a spatial tree (T A , φ A ) ∈ T * sp . Now the collection {(T A , φ A ) : A ∈ C ω 0 } is completely determined by R ω 1 , and is equal to {(T i , φ i ) : i ∈ I ω }. Thus, R ω 1 determines the super-process Y ω , and if R ω 1 = Rω 1 for some ω,ω ∈ Ω * then, Y ω = Yω as claimed.
Finally, we state the analogue of Corollary 5.3 in the case of ordered trees. More precisely, the previous results of this section lead easily to the fact that in high dimensions the Brownian tour, (v, r) and, consequently, the Brownian snake, are determined by the Brownian head process, r, thus, showing that there is enough information in the ordered spatial embedding to determine the ordered tree structure.
Proof. From the construction of (v, r) and the definition ofM we can use Proposition 5.2 to deduce that there exists a set C * whose complement isM -null such that, if (v, r) ∈ C * , the topological space S = r(R + ) is a dendrite whose c d x 2 ln ln x −1 -Hausdorff measure along arcs gives a metric d S on r(R + ). The proof is completed on observing that we can also take as an assumption that on C * the function v can be recovered via the relationship v(t) = d S (0, r(t)), for every t ∈ R + .
6. Brownian motion on spatial trees: quenched law. Now that we have constructed the metric d S on S ⊆ R d for d ≥ 8, there is very little we have to do to build a canonical Markov process, X S , say, on S in high dimensions. We show in this section how the process X S , which we will call the Brownian motion on S, can be obtained directly from S or, alternatively, it can be defined as φ(X T ), where X T is a natural Markov process on the real tree T . In the case when we normalize µ T (and µ S ) to have total mass one, we are able to describe these Markov processes as scaling limits of simple random walks on random graph trees embedded into Euclidean space; see Sections 8 and 9.
Let us start by introducing some known results about Dirichlet forms and Brownian motion on a compact real tree. Suppose (T , d T ) is a real tree and ν is a finite Borel measure on T that satisfies ν(A) > 0 for every nonempty open set A ⊆ T . Given a local, regular Dirichlet form (E T , F T ) on L 2 (T , ν), we can use the standard association to define a nonnegative self-adjoint operator, −∆ T , which has domain dense in L 2 (T , ν) and satisfies
We can use this to define a reversible strong Markov process,
σ , σ ∈ T ) with semi-group given by P t := e t∆ T . In fact, the locality of our Dirichlet form ensures that the process X T ,ν is a diffusion on T . A fundamental example of a local, regular Dirichlet form is obtained as the electrical energy when we consider (T , d T ) to be an electrical network. In particular, the existence of a Dirichlet form for which the metric d T describes the resistance between points of T , so that
for every x, y ∈ T , x = y, is guaranteed by Theorem 5.4 of [18] . The unique quadratic form with this property is known as the resistance form associated with (T , d T ) (see [19] for an introduction to resistance forms). We follow Aldous [2] in defining a Brownian motion on (T , d T , ν) to be a strong Markov process with continuous sample paths that is reversible with respect to its invariant measure ν and satisfies the following properties:
where T σ := inf{t > 0 : X T t = σ} is the hitting time of σ ∈ T . (ii) For σ 1 , σ 2 ∈ T , the mean occupation measure for the process started at σ 1 and killed on hitting σ 2 has density
These properties guarantee the uniqueness of Brownian motion on (T , d T , ν), and to construct the process we can use the resistance form described above. The following result can be proved using ideas from [9] , Section 8. From the above result, we are easily able to obtain the following. Note that, since we only consider one measure on T and one on S, we henceforth drop the measure from the superscripts of the Brownian motions on these spaces. , φ) , the Brownian motion X S on the space (S, d S , µ S ) exists and, moreover, X S = φ(X T ).
Proof. In view of Propositions 5.2 and 6.1, it remains to prove that X S = φ(X T ), M -a.e. when d ≥ 8. To do this, it will be sufficient to check that φ(X T ) satisfies the defining properties of Brownian motion on (S, d S , µ S ). This is straightforward given the fact that φ is an isometry from (
Since the map φ : T → R d is continuous for M -a.e. spatial tree (T , φ), the law P T ρ • φ −1 of φ(X T ) is a well-defined probability measure on C(R + , R d ), M -a.e. Using the language of random walks in random environments, we say this is the quenched law of φ(X T ). Similarly, if d ≥ 8, applying the fact that the identity map I : (S, d S ) → (R d , d E ) is continuous for M -a.e. spatial tree (T , φ), we have that the law of the Brownian motion on S, P S 0 , is a well-defined probability measure on C(R + , R d ), M -a.e., and we will call this the quenched law of the Brownian motion on S. To allow us to define the annealed laws of φ(X T ) and X S by averaging over the possible choices of environments, we need to show that there exists a probability space on which P T ρ • φ −1 and P S 0 can be constructed measurably, and we will do this in the next section.
7. Brownian motion on spatial trees: annealed law. In the proofs of the measurability of the laws P T ρ • φ −1 and P S 0 , and the convergence results of later sections, it will be useful to approximate the spaces T and S by treelike sets with only a finite number of branches. To this end, we introduce the concept of a (rooted ordered) graph spatial tree. This is a pair (T, φ), where T is a (rooted) ordered finite graph tree with finite edge lengths, and φ is a continuous R d -valued map whose domain is the real tree T naturally associated with T by adding line segments to T along its edges and extending the graph distance on T to a metric d T on T in the natural way so that the line segment corresponding to an edge with weight |e| is isometric to [0, |e|]. We will assume that φ maps the root of T to the origin in R d . Note that for each graph spatial tree the pair (T , φ) is an element of T sp , and, since T is finite, T is compact. Moreover, the fact that T is finite means that we can define a probability measure λ T on T to be the renormalized Lebesgue measure (so that the λ T -measure of a line segment in T is proportional to its length), and by Proposition 6.1, there is no problem in defining the Brownian motion on (T , λ T ).
The topology we consider on the space of graph spatial trees is a generalization of the topology considered in Section 4 of [8] . For (T, φ) a graph spatial tree, write T = (T * ; |e 1 |, . . . , |e l |), where T * represents the "shape" of T (the ordered graph tree without edge lengths) and |e 1 |, . . . , |e l | represents the collection of edge lengths. Then, if (T, φ) and (T ′ , φ ′ ) are two graph spatial trees, define a distance d 1 between T and T ′ by setting d 1 (T, T ′ ) := ∞, when T * = T ′ * , and
otherwise. When T * = T ′ * , we have a homeomorphism Υ T ,T ′ : T → T ′ , under which the point x ∈ T , which is a distance α along an edge e (considered from the vertex at the end of e which is closest to the root), is mapped to the point x ′ ∈ T ′ which is a distance |e ′ |α/|e| along the corresponding edge e ′ , and so we can define
It is straightforward to check that, when equipped with the topology induced by this metric, the collection of graph spatial trees is separable. In [8] , it was shown that if (T n ) n≥1 is a sequence of ordered graph trees that converge with respect to the distance d 1 to an ordered graph tree T , then Υ T n ,T (B n ), where B n = (B n t ) t≥0 is the Brownian motion on (T n , λ T n ) started from the root, converges in distribution in the space C(R + , T ) to B, the Brownian motion on (T , λ T ) started from the root. By mapping this result into R d in the obvious way, we are easily able to deduce from this the following lemma.
Lemma 7.1. Suppose that {(T n , φ n )} n≥1 is a sequence of graph spatial trees that converge with respect to the metric d 0 to a graph spatial tree (T, φ). For each n, let B n = (B n t ) t≥0 be the Brownian motion on (T n , λ T n ) started from the root, and let B = (B t ) t≥0 be the Brownian motion on (T , λ T ) started from the root, then (φ n (B n )) n≥1 converges in distribution to φ(B) in the space C(R + , R d ).
Let us continue by considering a vector (σ 1 , . . . , σ k ) of elements of a real tree T . Define the reduced subtree T (σ 1 , . . . , σ k ) to be the graph tree with vertex set
and graph tree structure induced by the arcs of T , so that two elements σ and σ ′ of V (T (σ 1 , . . . , σ k )) are connected by an edge if and only if σ = σ ′ and also Γ T σ,σ ′ ∩ V (T (σ 1 , . . . , σ k )) = {σ, σ ′ }. We set the length of an edge {σ, σ ′ } to be equal to d T (σ, σ ′ ). Furthermore, we can use the order of the vector (σ 1 , . . . , σ k ) to induce an ordering of vertices in the graph tree T (σ 1 , . . . , σ k ). If (T , φ) ∈ T sp , it is possible to restrict φ to T (σ 1 , . . . , σ k ) to obtain a graph spatial tree (T (σ 1 , . . . , σ k ), φ). In the following result, by considering the Brownian motions on an increasing sequence of reduced subtrees of graph spatial trees, we show that the law P T ρ • φ −1 is a measurable function of the tour defining (T , φ). 
, where {(v n , r n )} n≥1 and (v, r) are tours. We will write u n = (u m n ) m≥1 and u = (u m ) m≥1 , and rescaled versions of these byũ n = (τ (v n )u m n ) m≥1 andũ = (τ (v)u m ) m≥1 , where τ (·) is the length of excursion function, as defined in Section 2.1. By [24] , Theorem 2.1, we also have that the corresponding sequence of snakes {(v n , w n )} n≥1 converges to a limit snake, (v, w), say. This implies, for every fixed k ≥ 1, that the vector
where (ũ (m) ) k m=1 is a nondecreasing ordering of (ũ m ) k m=1 . If we set
where [t] represents the equivalence classes under the equivalence defined at (2.5), and define T v,u ) started from the root. It is known (see [14] , Theorem 4.6) that, for N -a.e. realization of v, the set T v \ {x} has at most three connected components for any x ∈ T v . Hence, by applying the conclusion of the previous paragraph, we are able to deduce that there exists a measurable set Γ ⊆ C( By following the proof of [8] , Lemma 3.1, we obtain that, forM ⊗ λ
e. realization of (v, r, u), the law of B (k) converges weakly in the space of Borel probability measures on C(R + , T v ) to the law P Tv ρv . Hence, by the continuity of φ v,r , we have that P S(k) 0 converges weakly to P Tv
e. Since a limit of measurable functions is again measurable, the map from (v, r, u) to P Tv ρv • φ −1 v,r is measurable with respect to the topology described in the previous paragraph. Noting that As an immediate consequence of the above result, it is possible to define a measure M on C(
This represents first choosing a tour (v, r) by the measureM [which means that the resulting spatial tree (T , φ) has marginal M ], and then observing the Brownian motion on the real tree T mapped into Euclidean space by φ; in the random walk in random environment terminology, the law of φ(X T ) under M is the annealed law of φ(X T ). For d ≥ 8, we can apply Proposition 6.2 to simplify the formula at (7.2) so that the integrand only depends on the set S rather than the whole spatial tree (T , φ). for measurable A ⊆ C(R + , R + ) × C(R + , R d ) and B ⊆ C(R + , R d ). In this high-dimensional case, we call the law of X S under M the annealed law of the Brownian motion on S.
8. Quenched convergence. The aim of this section is to prove convergence results for the simple random walks on a family of graph spatial trees, given that the associated discrete tours converge to a typical realization of the normalized Brownian tour. In particular, we consider a family {(T n , φ n )} n≥1 of graph spatial trees, as defined in the previous section, such that each graph T n has n vertices and is unweighted, by which we mean that each edge has length one. We define µ Tn to be the uniform probability measure on the vertices of T n and, analogous to the definitions of S and µ S , set
n . Furthermore, let X Tn = ((X Tn m ) m≥0 , P Tn x , x ∈ T n ) be the usual discrete time simple random walk on the vertices of T n . To define X Tn at all positive times, we linearly interpolate between integers (for this to make sense, we suppose that the walk takes values in the real tree version T n of T n obtained by adding unit line segments along edges).
Since the excursion description of ordered graph trees and the corresponding discrete tour and snake description are well documented in [3] and [24] respectively, we will not present the full details, but simply highlight the results that will be important here. DefineṼ n : {1, . . . , 2n − 1} → T n to be the depth-first search around the vertices of the ordered graph tree T n , starting from the root at time one. Extend this map to the interval [0, 2n] by settingṼ n (0) =Ṽ n (2n) = ρ n , where ρ n is the root of T n , and linearly interpolating (similarly to the extension of the simple random walk, we now consider thatṼ n takes values in the real tree T n ). The search-depth function V n ∈ C([0, 1], R + ) is given by, for t ∈ [0, 1], V n (t) := d T n (ρ n ,Ṽ n (2nt)), where d T n is the metric on T n . A related function in R d is given by, for t ∈ [0, 1], R n (t) := φ n (Ṽ n (2nt)), which is the discrete head process and is an element of C([0, 1], R d ). The process (V n , R n ) is the discrete tour associated with (T n , φ n ), although from now on we will commonly refer to the normalized discrete tour, which is defined by setting (v n , r n ) := (n −1/2 V n , n −1/4 R n ).
It is easy to check that the normalized discrete tour (v n , r n ) contains all the information about the graph spatial tree (T n , φ n ). The corresponding normalized discrete snake w n is a continuous function taking its values in the space of R d -valued stopped paths, and is defined to satisfy w n (t)(s) := n −1/4 φ n (γ T n ρn,Ṽn(2nt) (n 1/2 s)) for s ≤ v n (t), and w n (t)(s) = r n (t) otherwise.
We can now state and prove the main result of this section. Note that, for (T , φ) ∈ T sp , we write (αT , βφ) to represent the real tree (T , αd T , ρ) and map σ → βφ(σ), for σ ∈ T ; graph spatial trees will be rescaled similarly. The definition of the measureM (1) should be recalled from Section 2.3. It is clear from the definition that sup t∈[0,1] |t − α n (t)| ≤ 1/2n, regardless of the value of v n . Furthermore, by applying an argument similar to Lemma
